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Subcube Allocation and Task Migration in
Hypercube Multiprocessors

MING-SYAN CHEN, MEMBER, IEEE, AND KANG G. SHIN, SENIOR MEMBER, IEEE

Abstract — This paper addresses two important issues in the
management of processors in a hypercube: subcube allocation
and rask migration to eliminate the system fragmentation caused
by allocation and deallocation of subcubes.

We prove that the subcube allocation strategy using a binary
reflected Gray code (BRGC), called the GC strategy, possesses
the best subcube recognition ability among all strategies that
use sequential searches. A binary code (BC) is defined as the
binary representation of a nonnegative integer, and an extended
binary code (EBC) is the one obtained by permuting the bits
of a BC. Similarly, an extended Gray code (EGC) is obtained
from a BRGC. The subcube recognition ability of an allocation
strategy using multiple EBC’s is analyzed and compared to that
using multiple EGC’s. The minimal number of EBC’s required
for complete subcube recognition in an n-cube or Q, is proved
to be ¢, , where C; stands for the number of combinations
of choosing p out of g possibilities.

Allocation and deallocation of subcubes usually result in a
fragmented hypercube, where even if a sufficient number of hy-
percube nodes are available, they do not form a subcube large
enough to accommodate an incoming task. As the fragmen-
tation in conventional memory allocation can be handled by
memory compaction, the fragmentation problem in a hypercube
can be solved by rask migration, i.e., relocating tasks within
the hypercube to remove the fragmentation. Note that the pro-
cedure for task migration is closely related to the subcube al-
location strategy used, since active tasks must be relocated in
such a way that the availability of subcubes can be detected by
that allocation strategy. Specifically, we develop the task mi-
gration strategy for the GC strategy. A goal configuration (of
destination subcubes) without fragmentation is determined first.
Then, the node-mapping between the source and destination sub-
cubes is derived. Finally, a routing procedure to obtain shortest
deadlock-free paths for relocating tasks is developed.

Index Terms— Binary reflected Gray code (BRGC), deadlock,
fragmentation, hypercube computers, stepwise adjoint, subcube
recognition ability, task migration.

I. INTRODUCTION

WING to their structural regularity and high potential for
the parallel execution of various algorithms, hypercube

Manuscript received December 11, 1987; revised September 15, 1988. This
work was supported in part by the Office of Naval Research under Contracts
NO0O0014-85-K-0122 and N00014-85-K-0531.

M. S. Chen was with the Real-Time Computing Laboratory, Department of
Electrical Engineering and Computer Science, The University of Michigan,
Ann Arbor, MI 48109. He is now with the IBM Thomas J. Watson Research
Center, Yorktown Heights, NY 10598.

K. G. Shin is with Real-Time Computing Laboratory, Department of Elec-
trical Engineering and Computer Science, The University of Michigan, Ann
Arbor, MI 48109.

IEEE Log Number 9037192.

computers have drawn considerable attention in recent years
from both academic and industrial communities [1]-[6].

Each task arriving at the hypercube multiprocessor must be
allocated to an unoccupied or available subcube for execution.
Upon completion of the task, the subcube used for that task is
released and made available for other tasks. More specifically,
subcube allocation! in a hypercube multiprocessor consists of
two steps: 1) determination of the dimension of a subcube
required to execute each incoming task, and 2) /ocation of a
subcube of the dimension determined by step 1) within the hy-
percube. Various approaches have been developed to deal with
the first step [4], [7]. The second step was addressed in [3],
where a subcube allocation strategy was proposed based on a
binary reflected Gray code (BRGC), called the GC strategy,
as opposed to the one based on a binary code (BC), called the
buddy strategy [8]. The former is shown to outperform the
latter due mainly to its superiority in recognizing the existence
of available subcubes within the hypercube.

Similarly to conventional memory management, the allo-
cation and deallocation of subcubes usually results in a frag-
mented hypercube, where even if a sufficient number of nodes
are available or unoccupied, they do not form a subcube large
enough to accommodate an incoming task. Fig. 1 shows an ex-
ample of a fragmented hypercube where four available nodes
cannot form a 2-cube or Q,; thus, if a task requiring a Q>
arrives, it has to be either queued or rejected. As shown in the
simulation results in [3], such fragmentation leads to poor uti-
lization of hypercube nodes, and the improvement achieved by
the GC strategy is thus limited. As the fragmentation problem
in conventional memory allocation can be handled by mem-
ory compaction, the fragmentation problem in a hypercube
can be solved by task migration, i.e., relocating and com-

“pacting active tasks? within the hypercube at one end so as to

make large subcubes available at the other end. Note that the
procedure for task migration depends strongly on the subcube
allocation strategy used, since active tasks must be relocated
in such a way that the availability of subcubes can be detected
by that allocation strategy. For this reason, we shall in this
paper address both the problems of subcube allocation and
task migration.

We shall extend the results on subcube allocation in [3]
significantly. To facilitate our discussion, the buddy and GC
strategies introduced in [3] are described briefly. A BC is de-

'In view of the fact that each task is allocated to a subcube, we use the
term subcube allocation, instead of processor allocation which was used in
31
Those tasks which are allocated to subcubes but not completed yet.
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Fig. 1. An example of hypercube fragmentation.

fined as the binary representation of a nonnegative integer,
and an extended binary code (EBC) is the one obtained by
permuting the bits of a BC. Similarly, an extended Gray code
(EGC) is defined as a code obtained by bit-permutation of a
BRGC. The subcube recognition ability of an allocation strat-
egy using multiple EBC’s is analyzed and compared to that
using multiple EGC’s. Since, as will be proved later, no other
strategy that involves a sequential search can recognize more
subcubes than the GC strategy, we shall focus on the devel-
opment of a task migration strategy under the GC strategy.

A collection of occupied subcubes is called a configura-
tion. We first determine the goal configuration to which a
given fragmented hypercube must change by relocating active
tasks. Since the GC strategy is proved in [3] to be optimal for
static allocation,> fragmentation can definitely be removed by
task migration. When a task is allocated to a subcube, the por-
tion of the task located in each node of this subcube is called
a task module. The action for a node to move its task mod-
ule to one of its neighboring nodes is called a moving step.
The cost of each task migration is then measured in terms of
the number of required moving steps while task migrations
between different pairs of source and destination subcubes are
allowed to be performed in parallel. Note that to move tasks
in parallel, it is very important to avoid deadlocks during task
migration. We not only formulate the node-mapping between
each pair of source and destination subcubes in such a way that
the number of required moving steps is minimized, but also
develop a routing procedure to follow shortest deadlock-free
paths for task migration.

The paper is organized as follows. Section II introduces the
necessary definitions and notation. Some important results of
subcube allocation strategies are presented in Section III. Our
main results on task migration are given in Section IV. In three
subsections are, respectively, presented the three steps for task
migration under the GC strategy: 1) determination of a goal
configuration, 2) determination of the node-mapping between
the source and destination subcubes, and 3) determination of

3By static allocation, we mean the allocation of subcubes to a sequence of
incoming tasks without considering the deallocation of subcubes.
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0. 000 0. 000
1. 001 1. 100
2. 011 2. 101
3. 010 3. 001
4. 110 4. 011
5. 111 5. 111
6. 101 6. 110
7. 100 7. 010
(a) (®)
Fig. 2. [Ilustration of EGC’s. (2) BRGC. (b) EGC with {g1. 82, 83} =

(3,1,2}.

shortest deadlock-free routing for moving task modules. The
paper concludes with Section V.

II. PRELIMINARIES

An n-dimensional hypercube is defined as Q, = Kj x
QOn_1, where K is the complete graph with two nodes, Qo is
a trivial graph with one node and x is the product operation on
two graphs [9]. Let 3 be the ternary symbol set {0, 1,*},
where * is a DON'T CARE symbol. Every subcube in a Q,
can then be uniquely represented by a string of symbols in
S . Such a string of ternary symbols is called the address of
the corresponding subcube. For example, the address of the
subcube O, formed by nodes 0010, 0011, 0110, and 0111
in a Q4 is 0*1*. Also, the-Hamming distance between two
hypercube nodes is defined as follows.

Definition I: The Hamming distance between two nodes
with addresses ¥ = Upllp_y---uUyand w = w,wy_; ---w; in
a Q, is defined as

n
H(ll, w) = Zh(ui) Wi), where h(ll,‘, wi)

i=1

1
= 0

For convenience, the rightmost coordinate in the address
of a subcube or a node will be referred to as dimension 1,
the second to the rightmost coordinate as dimension 2, and so
on. A formal definition for extended Gray codes (EGC’s) was
introduced in [3]. An EGC with parameters g;, i =1,---,n,
can be obtained by permuting the bits in the BRGC in such
a way that dimension i/ of the BRGC becomes dimension g;
of the EGC. Fig. 2(a) gives an example of a BRGC which
is also an EGC with parameters {g1, g2, &3} = {1,2, 3},
and Fig. 2(b) shows an EGC with parameters {g;, g2, 83} =
{3, 1, 2}. Similarly, an extended binary code (EBC) is defined
as follows.

Definition 2: An EBC with parameters g;, i = 1,---,n,
is a code resulting from permuting the bits in a BC in such
a way that dimension i/ of the BC becomes dimension g; of
this EBC. (Recall that a BC is the binary representation of a
nonnegative integer.)

Obviously, the BC is also an EBC with parameters
{g1, g2, g3} = {1, 2, 3}. Examples for the BC and the EBC
with parameters {g., g2, 83} = {3, 1,2} are presented in
Fig. 3. Also, a set of contiguous integers is called a region
and let #[a, b] = {kla <k <b, k €I"}. A coding scheme

if u; #wi,

if u; =w;.
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0. 000 0. 000
1. 001 1. 100
2. 010 2. 001
3. 011 3. 101
4. 100 4. 010
5. 101 5. 110
6. 110 6. 011
7. 111 7. 111
(a) (b)
Fig. 3. Ilustration of EBC's. (a) BC. (b) EBC with {gi, g2, 83} =

3. 1,2}.

0. 0000

1. 0001

2. 0011

3. 0010

4. 0110

5. 0111

6. 1111

7. 1110

8. 1100

9. 1000

10. 1010

11. 1011

12. 1001

13. 1101

14. 0101

15. 0100

Fig. 4. A coding scheme with 4 bits.

with n bits, denoted by C,,, is defined as a one-to-one mapping
from a number within #[0, 2" — 1] to a binary representation
with n bits, and C,(m) denotes the representation of a num-
ber m with » bits under a given coding scheme. Note that
an EGC with given parameters corresponds to some coding
scheme, and so does an EBC. Figs. 2 and 3 are examples of
coding schemes with 3 bits. Fig. 4 gives an example coding
scheme with 4 bits which is neither an EGC nor an EBC.
For convenience, let B, and G, denote n-bit coding schemes
associated with the BC and a BRGC, respectively. For exam-
ple, B3(5) = 101, G3(5) = 111, while C4(7) = 1110 for the
coding scheme in Fig. 4.

In addition, a path is defined as an ordered sequence of hy-
percube nodes in which any two consecutive nodes are physi-
cally adjacent to each other in the hypercube. Also, we assume
that the hardware of the hypercube computer system under
consideration is so designed that each hypercube node has
separate input and output ports. Thus, each node can receive
a task module while sending another task module to its next
hop. Each moving step is assumed to take the same amount
of time, which is defined as one time unit. |S| denotes the
cardinality of the set S and b denotes the complement of a bit
b € {0, 1}. Unless stated otherwise, a set is referred to as an
unordered set, i.e., {a, b} = {c, d} implies that (¢ = ¢ and
b=d)or(a=dand b=rc).

II1. SUBCUBE ALLOCATION STRATEGIES

The results on subcube allocation in [3] are extended here
and will later be applied to task migration. The subcube recog-
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nition ability of the GC strategy was shown to be twice that of
the buddy strategy in [3]. This is due to the fact that under the
GC strategy the binary strings to be sequentially searched are
ordered in a sequence different from those under the buddy
strategy. One may naturally raise the following question: ““Is
there any subcube allocation strategy which can provide an
even better subcube recognition ability than the GC strategy
by ordering the binary strings to be searched in some other
sequence?”’ To answer this question, we shall prove in Theo-
rem 1 below that the GC strategy is optimal in the sense that
no other strategy that involves a sequential search can recog-
nize more subcubes than the GC strategy. By a ‘‘sequential
search” we mean a search that checks the availability of each
hypercube node in a given sequence until a set of consec-
utive unoccupied nodes forming a subcube of required size
is encountered. The subcube recognition ability of an alloca-
tion strategy using multiple EBC’s will also be analyzed and
compared to that using multiple EGC’s. The minimal number
of EBC’s required for complete subcube recognition in a O,
is proved to be C7, , , whereas the number of EGC’s re-
quired far complete subcube recognition is less than or equal
to C’[n )" Our results are shown to favor the use of the GC
strategy over any other strategy based on a sequential search
for subcubes.

A. Subcube Allocation Strategies Using a Single Code

Note that both the buddy and GC strategies are a first-
fit sequential search. Node addresses under the buddy and
GC strategies are ordered in a list according to the BC and
the BRGC, respectively. Such a list is called an allocation
list. Under each of these strategies, the availability of hyper-
cube nodes is then kept track of by its allocation list. Suppose
k = |I;] is the dimension of a subcube required to execute
an incoming task /;. The buddy strategy will search for a set
of 2% consecutive unoccupied nodes in its allocation list, say
B,(p), Bp(p + 1),---,Bp(p + 2% — 1), under the constraint
that p is a multiple of 2%. On the other hand, the GC strategy
searches for a set of 2¥ consecutive unoccupied nodes in its
allocation list, say G,(p), Ga(p + 1),---,Gna(p + 2K — 1),
but in this case p only has to be a muitiple of 2¥~!, instead

-—of 2K, A formal description of both strategies is given in Ap-

pendix A. Illustrative examples for the operations under both
strategies can be found in Fig. 5.

It is proved in [3] that the GC strategy can recognize
2n—k+10,’s for 1 < k < n —1, which is twice the number of
subcubes recognizable by the buddy strategy. Moreover, we
shall prove that the GC strategy is optimal insofar as the sub-
cube recognition ability of a sequential search is concerned. To
facilitate this proof, it is necessary to introduce the following
lemma first.

Lemma 1: The intersection of two overlapping subcubes
@ =Qndn-y---ayand B = b,b,_;---b, is a subcube with
address ¥y = ¢,Cn—y --- €, Where

*, ifa;, =b; =,
Ci = O, ifa,-=b,-=00r {a,~,b,—}={0,‘},

1, ifa;=b; =1or{a;, b;} = {1, "}.
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| =0 [Ll=0 |5 =1
L] -2 L} =0
0.0000 — L 0. 0000 — E
1. 0001 — I3 1. 0001 —
2. 0011 2.0010 — I,
3. 0010 3. 0011
4. 0110 } Iz 4. 0100
5. 0111 5. 0101 Iz
6. 0101 — 14 6. 0110
7. 0100 7. 0111
8. 1100 ] 15 8. 1000
9. 1101 9. 1001 ] IS
10. 1111 10. 1010
11. 1110 11. 1011
12. 1010 12. 1100
13. 1011 13. 1101
14. 1001 14. 1110
15. 1000 15. 111
(a) ®)
Fig. 5. Example operations of both strategies. (a) GC strategy. (b) Buddy
strategy.

Proof: Note that subcubes a and 8 are disjoint iff there
exists a & such that {ax, bx} = {0, 1}. Therefore, the above
equation includes all possible combinations of a; and b;, Vi,
since o and 8 are overlapping. It can be seen that nodes in v
are contained in both o and 3.

On the other hand, suppose there is a node m with address
mym,_, ---m; that does not belong to 4. Then, there must
exist a j such that {m;, c;} = {0, 1}. Without loss of gen-
erality, we can assume m; = 0 and ¢; = 1. Then, we have
either a; = 1 or b; = 1, meaning that m is not contained
in the intersection of o and 8. Therefore, nodes in v are the
only nodes that are contained in both « and 3, and thus this
lemma follows. Q.E.D.

By Lemma 1, the intersection of two overlapping subcubes
must be a subcube. This leads to the following important prop-
erty of the BRGC.

Theorem I: The BRGC is an optimal coding scheme as
far as the subcube recognition ability of a sequential search is
concerned. _

Proof: Note that there are 2"~%+!'Q, s recognizable by
the BRGC. Suppose there exists a coding scheme that can
recognize more than 2" ~k *‘Qk’s. Then, there must exist two
distinct integers i and j such that a) |i — j| < 2¥~!, b) nodes
with addresses C(p), p € #li, i +2¥ —1], form a Qk, and c)
nodes with addresses C,(q), ¢ € #[j, j +2* — 1], form an-
other Q. Thus, the cardinality of #[i, i +2% — 1] N #[j, j +
2% —1] must be greater than 2¥~! since |i —j| < 2!, and less
than 2* since i # j. However, this means that the intersection
of these two regions does not form a subcube, a contradiction
to Lemma 1. Q.E.D.

Notice that not only the BRGC but also each EGC has an
optimal subcube recognition ability since each EGC can be
obtained by permuting the bits of the BRGC.

B. Subcube Allocation Strategies Using Multiple Codes

In [3], we developed the following theorem to determine the
subcube recognition ability of an EGC with given parameters.
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Theorem 2 [3]: A subcube @) with the address
bpba_1 - by can be recognized by an EGC with parame-
ters g;, 1 <i < n, iff any of the following three conditions is
satisfied:

a) by, =", 1 <i <k.

b) b, =%, 1 <i <k — 1, and there exists an r such that

b, _, =1,b, =", and by, =0,k <s<r—1.
) by, =", 1<i<k -1, be, =0,k <s<n-1, and
bgnz*'

Similarly, the subcube recognition ability of an EBC with
given parameters can be determined by the lemma below
whose proof is trivial, and thus, omitted.

Lemma 2: A subcube Q; with the address b,b,_; ---b;
can be recognized by an EBC with parameters g;, 1 <i <n,
iff by, =*, for 1 <i <k.

Let R(n) denote the number of EBC’s required for complete
subcube recognition in a Q,. We then obtain the following
important result.

Theorem 3: R(n) =C7, .

Proof: Note that there are C72"*Qy’s in a Q,, and
from Lemma 2, each EBC can only recognize 2" %¥Q;’s.
Therefore, it requires at least C§ EBC’s to recognize all
Q«’s in a Qn. However, CY, | = maXo<k<n {C%}; leading
to R(n) > CLn/ZJ

The inequality R(n) < C"n 1) Can be proved in light of the
Theorem of Matching [10] by using the same procedure as in
the proof of Theorem 4 in [3]. Q.E.D.

Notice that the number of EGC’s required for complete
subcube recognition, as proved in [3], is less than or equal
to C in/2) . Naturally, this is due to the superiority of the sub-
cube recogmuon ability of EGC’s to that of EBC’s. Following
the same procedure as in the proof of Theorem 4 in [3], we
obtain the parameters of those EBC’s required for complete
subcube recognition in a Qs: {1, 2, 3,4, 5}, {4, 5,2, 1, 3},
{3,5,4,1,2}, {2,5,1,3,4}, {3,4,2,5,1}, {5 1,3,
2,4}, {4,1,5,2,3}, {2,4,1,5,3}, {3,1,4,5,2},
{2,3,5,1,4}. Let B’ denote the ith EBC in the ten EBC’s
and SB; = U¥_,B’. The subcube recognition abilities of SBy,
1 <h <10, are shown in Table I. For the comparison pur-
pose, the subcube recognition ability of those EGC’s with the
same parameters is shown in Table II, where G' is the ith
EGC and SG, = U%_,G'. The number of recognizable sub-
cubes of each dimension with multiple EBC’s and that with
multiple EGC’s are plotted in Fig. 6, where trivial cases for
Qo and Qs are omitted. From Fig. 6, it is easy to see that
the subcube recognition ability of EGC’s is superior to that
of EBC’s.

IV. Task MIGRATION UNDER THE GC STRATEGY

Due to similar reasons for the memory fragmentation in
conventional memory allocation, allocation and deallocation
of subcubes may result in a fragmented hypercube. As shown
in the simulation results in 3], aithough the GC strategy out-
performs the buddy strategy, the improvement achieved by
using multiple codes is rather limited. This fact in turn im-
plies that poor utilization of hypercube nodes is due mainly
to system fragmentation, rather than the subcube recognition
ability of an allocation strategy. Consequently, it is essential
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TABLE 1
Txe NUMBER oF SuBCUBES RECOGNIZABLE BY SB;, 1 < h < 10
SB,
Q h=1 h=2 h=3 h=4 h=5 h=6 h=7 h=8 h=9 h=10
k=0 32 32 32 32 32 32 32 32 32 32
=1 16 32 48 64 64 80 80 80 80 80
k= 8 16 24 32 40 48 56 64 72 80
k=3 4 8 12 16 20 24 28 32 36 40
k=4 2 4 6 8 10 10 10 10 10 10
k=5 1 1 1 1 1 1 1 1 1 1
TABLE 11
THE NUMBER OF SUBCUBES RECOGNIZABLE BY SGy, 1 < A < 10
SGy
Q h=1 h=2 h=3 h=d4 h=5 h=6 h=7 h=8 h=9 h=10
k=0 32 32 32 32 32 32 32 32 32 32
k=1 32 57 72 79 79 80 80 80 80 80
k=2 16 32 47 58 65 71 75 78 79 80
k=3 8 16 2 25 31 34 37 38 39 40
k=4 4 8 10 10 10 10 10 10 10 10
k=5 1 1 1 1 1 1 1 1 1 1
—— ByEBCSs
By EGC's
80 - 80 -
60 : 60
40 : 40
20 7 20 7
T T T 1 T 11771 T T T T 1T T T 71
1 23 4 567 89 10 1 23 4 56 7 8 9 10
(@) (b)
40
30
10
20
10
. r 1T 1T 1T 1 1T 1T 11 UL L L O e A A |
1 2 3 4 56 7 8 9 19 1 2 3 4 56 78 9 10
© @

Fig. 6. The number of recognizable

subcubes of each dimension. (a) One-

dimensional cubes. (b) Two-dimensional cubes. (¢) Three-dimensional

cubes. (d) Four-dimensional cubes.

to develop an efficient procedure for task migration under the
GC strategy, which relocates active tasks to eliminate the frag-
mentation. In the following three subsections, we shall deter-
mine, respectively, the goal configuration, the node-mapping
between the source and destination subcubes, and shortest
deadlock-free paths for task migration.

‘A. Determination of Goal Configuration

There are usually many ways to relocate active tasks and
compact occupied subcubes. However, since it is desirable
to perform task migration between each pair of subcubes in
parallel, it is important to avoid any deadlock during the mi-

gration. Clearly, a deadlock might occur if there is a circular
wait among the nodes involved. To prevent this, a linear order-
ing of hypercube nodes is established in such a way that each
node can only move its task module to a node with a lower
address, i.e., a node with address G,(p) sends its task mod-
ule to another node with address G ,(q), only if p > g. Since
a node with a lower address never sends its task module to a
node with a higher address, it is easy to see that the condition
for any circular wait can be avoided by the above method.
Thus, given a configuration of occupied subcubes, the goal
configuration without fragmentation can be determined by the
following algorithm.
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0. 0000 — task1

2: z?)?)(l) 1. 0001 — task 4
2. 0011 — task 1 2. ool
3. 0010

3. 0010 task 2
+ o110 4. 0110
5. owLl 5. 0111

6. 0101 6. 0101 j task 3
7. 0100 | task 2 7. 0100
8. 1100 8. 1100
9. 1101 9. 1101
10. 1111 :;’ :1111;
L mess i o
13, 1011 13. 1011
14. 1001— task 4 14. 1001
15, 1000 15. 1000

@ (b)

Fig. 7. Task migration under the GC strategy. (a) Before. (b) After.

Algorithm A;: Determination of the goal configuration:

Step 1. Label each task in the availability list with a distinct
number in such a way that each task allocated to a subcube
with a lower address is labeled with a smaller number.

Step 2. Relocate all tasks according to an increasing order
of their labels.

For example, the goal configuration in Fig. 7(b) can be de-
rived from the initial fragmented configuration in Fig. 7(a).
It can be easily verified that by using algorithm A4, each task
will always be moved from a subcube with a higher address
to a subcube with a lower address, while a task with a smaller
label is not necessarily ahead of a task with a larger label in
the goal configuration. An allocation strategy is said to be
statically optimal, if a Q, using the strategy can accommo-
date any input request sequence {/;}%, iff 1 2l <27,
where |I;| is the subcube dimension required by request /;.
As was proved in [3], the GC allocation strategy is statically
optimal. This fact implies that fragmentation will definitely be
removed by A4;.

B. Node-Mapping Between Source and Destination
Subcubes

Once the goal configuration is determined, each active task
will be moved from its current or source subcube to the desti-
nation subcube. The action for a node to move its task module
to one of its neighboring nodes is called a moving step. To
determine the number of moving steps for a task migration,
we first define the moving distance of a task between two
subcube locations as follows. As it will be shown in Theo-
rem 4 below, the minimal number of moving steps required
to move a task from one subcube location to another can be
determined by the moving distance between the two subcube
locations. Furthermore, as it will become clear later, when
modules of a task are migrated in parallel, the moving dis-
tance between two subcube locations is equal to the number of
moving steps required to move a task module from the source
node to its destination node under the node mapping scheme
described in Corollary 4.1.

Definition 3: The moving distance of a task between two
subcube locations with addresses o = @,a,_;---a@, and § =
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bpbn_1---by in a Qp is defined as

M(a, B) =Y m(ai, bi), where m(a;, b;)

i=1

1, if {aiybi}={0vl}9

if a; = b,',

07
1 otherwise
> .

Then, we have the following theorem for the minimal num-
ber of moving steps required to move a task from one subcube
location to another.

Theorem 4: Let T(a, ) be the minimal number of moving
steps from a subcube location « to another location 3. Then,
T(a, B) = M(a, B)2¢!, where || = |8] is the dimension of

.the subcube.

To facilitate the proof of Theorem 4, it is necessary to
introduce the following proposition whose proof can be found
in [11].

Proposition 1: Given a node u € Qp, ZWEQ,, H(u,w) =
n2"-t,

Proof of Theorem 4: We shall prove T(a,B) >
M(a, B)2/®! first. Suppose @ = @na@n—;---a; and B =
bnbn_1 ---by. We define the frontier subcube of o towards
B, denoted by 04_g() = fnfn-1---f1, in such a way that,
Vi,f,' =b; ifa; =* and b; € {0, 1}, andf,- = a; otherwise.
For example, if « = 00** and 8 = 1*1*, then o,—g(a) =
001* and gg_.(B) = 101*. Clearly, g,—g(a) contains all
the nodes in o which are closest to 3. Besides, we define
the Hamming distance between two subcubes as the shortest
distance between any two nodes which, respectively, belong
to the two subcubes, i.e., H*(a, ) =min,eq, wegH (4, w).
Since we align some bits of « with their correspond-
ing bits of B to obtain o,—g(x), it is easy to see
that Yu e and w €8, H(u,w) > H*(u, 0q—p(a)) +
H*(0a—g(@), 0g—a(B)) + H*(0g—a(B), W).

Let 4’ € B denote the node to which the task module origi-
nally located at ¥ € « is to be moved. Notice that the number
of moving steps required to move a task module from u to «’ is
greater than or equal to the Hamming distance between them,
H(u, u’). Then, T(a, B) > Zu& H(u, u’). Moreover, from
the above reasoning, we obtain

T(a,8) 2> H(u,u

uca

> {H" (4, 0a—p(@))

uca

+ H*(0g—p(a), 0p—al(B))
+H'(UB—>0(B)a ul)}
= ZH*(u, Oa—p(a))

uUca
+ 2 H*(04—5(a), 05—a(B))
+> H*(0a—p(a), u").

uca
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Let r; be the number of dimensions in which {a;, b;} =
{0, 1}, r, be the number of dimensions in which a; =
b; = *, r3 be the number of dimensions in which @; = *
and b; € {0, 1}, and r; be the number of dimensions in
which b; = * and a; € {0, 1}. Clearly, ry = H*(04—g(),
05—a(B)), r2 + 13 = ||, ry +r3 = M(c, B), and r3 = r4,
because the addresses of o and 8 have the same number of
**s. Therefore,

T(x,8) > > H" (i, 0a—p(@))

uca
+ 2l H* (6, _g(a), 05—a(B))
+> H(0a—(), u')

uca
=21 H"(04—4(a), 95—a(B))
+2) " H*(4, 0q—p(@))
uca
=21l 2027277 ry)
(From Proposition 1 and r; = |g,—g()].)
=21(r) +r3) = M(a, B)2'%1.
Next, we prove the inequality T(c, 8) < M(a,‘B)Zl"E by
showing the existence of a one-to-one mapping between nodes

in o and B, and that the Hamming distance between each
pair of mapping and mapped nodes is M(«, 8). Suppose

Pi1, P2, ,Pr, are those dimensions in which a, € {0, 1}
and b,, = *, and qi, g2,---,q,, are those dimensions in
which a5, = * and b,, € {0, 1}. Note that r3 = r4. Each
node ¥ = upu,_y---u; € o can then be mapped to a node
W =w,W,_;---W; € in such a way that when i # p; for

any 1 <j<rs,

bi;
w; =
Ui,

and when i = p; for some j, 1 <j <r3,

Lo,
Wp, = )
Up;s  ifwg, #ug,.
This is a one-to-one mapping, since the possibility of a
many-to-one mapping is eliminated by different assignments
of bits in the p ;th dimension, 1 < j < r3. Moreover, we have
H(u,w) =ry) +r3 = M(«, ). By the above node-mapping,
we can determine, for each source node in «, the correspond-
ing mapped node in 3, and the total number of moving steps is
M(a, B)2!%l, thus satisfying T(c, 8) < M(«, 8)2/*. Q.E.D.
The above theorem proves that the minimal number of mov-
ing steps required to move a task from a subcube location «
to another subcube location 8 as M(a, $)2!*!. There may be
many ways to move a task from one subcube location to an-
other, each having the same total number of moving steps.
For example, we can move an active task from 10”1 to 000~
by either a) 1011 — 0000 (3 hops) and 1001 — 0001 (1 hop),
or b) 1011 — 0001 (2 hops) and 1001 — 0000 (2 hops). The
total number of moving steps in either case is 4. However,

if b; € {0, l},

ifa,' =bi = ',

ifwg, =u,,
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in order to exploit the inherent parallelism, we naturally want
the total M(a, 8)2!*! moving steps to be equally distributed
among all pairs of source and destination nodes such that every
node u in « requires exactly M(«, ) moving steps to transfer
its task module to the corresponding node in 3. Clearly, this
can be accomplished by the node-mapping scheme introduced
in the proof of Theorem 4. Notice that the source and des-
tination subcubes for tasks being migrated under a strategy
must be recognizable by that strategy. In light of this fact, a
simplified node-mapping scheme will be introduced in Corol-
lary 4.1. However, it is necessary to introduce the following
proposition first.

Proposition 2: Suppose o = dapa,_;---a; and f =
bpb,_y---b; are two k-dimensional subcubes recognizable
by the GC strategy. Then, there is at most one dimension, say
p, in which a, € {0, 1} and b, = *.

Proof: From Theorem 2 and the fact that g; = i,
1 <i < n, for the BRGC, we know a; = * and b; = * for
1 <i <k —1. Since there are exactly & *’s in the address of
a Qy, this proposition follows. Q.E.D.

The node-mapping between two subcubes recognizable by
the GC strategy can be determined as follows. Suppose o =
a,a,_---a, is the source subcube and § = b,b,_y---b;
is the destination subcube. Let p and g be the dimensions in
whicha, € {0, 1} and b, = *, and @, = * and b, € {0, 1}.

Corollary 4.1: Each source node U = Ul,_---U; €
can be one-to-one mapped to a destination node w =
WpWn_y---w) € B in such a way that when i # p,

b;, if b, € {0, 1},
W; =
uj, ifaj=b; =",
wheni =p,
up, if wg =ug,
Wy =
Up, if wyg # ug,

and H(u, w) = M(«, B).

For example, whena = 1*1*, 8 = 00**, and v = 1110, we
have p = 3 and then w = 0010. It can be verified that every
node in 1*1* will need exactly 2 moving steps to relocate its
task module to the corresponding node in 00**, i.e., 1010
(12) — 0000 (0), 1011 (13) — 0001 (1), 1110 (11) — 0010
(3), and 1111 (10) — 0011 (2). It is worth mentioning that
the order of source nodes in the BRGC is not necessarily the
same as that of their corresponding destination nodes after the
node-mapping (see Fig. 7).

C. Determination of Shortest Deadlock-Free Routing

After the determination of the node-mapping, we now want
to develop a routing method to move each task module from its
source node to its destination node. As mentioned earlier, in
order to avoid deadlocks. a linear ordering among hypercube
nodes is enforced such that each node can only move its task
module to a node with a lower address. More formally, we
need the following definition.

Definition 4: A path is said to be shortest deadlock-free
(SDF) with respect to a coding scheme if it is a shortest path
from the source node to the destination node and the reverse
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Fig. 8.

order of nodes in that coding scheme is preserved in the node
sequence of that path.

In other words, if C,(/) and C,(j) are two nodes in an
SDF path, then C,(i) is ahead of C,(j) in the path iff i > j.
For example, the path [110,010,011] is an SDF path in
G; of Fig. 2(a), whereas [110,111,011] is not. A coding
scheme C, is said to be SDF path preserving if ¥p < q
there exists an SDF path from C,(q) to C,(p), i.e., there ex-
ists [Cn(q), Cn(r1), Cn(r2), - -,Cn(ra—1), Ca(p)], such that
g>ry > - >rq_; >p.

Once the node-mapping between each pair of source and
destination subcubes is determined, each source node appends
to its task module the address of its destination node. Each
node can then determine the next hop on which to route a task
module by the following algorithm.

Algorithm A,: Determination of an SDF path:

Step 1. Each node compares the destination address d =
dnpd,_; ---d, with its own address s = 5,5,_; - - -5 from left
to right. Let the jth and kth dimensions be, respectively, the
first and second dimensions in which they differ, i.e., s; = d;
forj+1 <i<nmandk+1 <i <j-1,ands; #d;,si #dx.

Step 2. If Z’_k s; is even then send the task module to a
neighboring node along the kth dimension else send the task
module to a neighboring node along the jth dimension.

For example, suppose the source node is G4(12) = 1010
and the destination node d is G4(1) = 0001, then j =4 and
k =2. The next node determined by A, is G4(3) = 0010
since Z:—z s; is odd, and thus, the fourth dimension of 1010
is changed. Then, the next hop determined by the intermediate
node G4(3) = 0010 is G4(2) = 0011, since we get j =2 and
k =1 for s = 0010 and d = 0001. It can be verified that
{1010 (12), 0010 (3), 0011 (2), 0001 (1)] is an SDF path.
Actually, this is not a coincidence. As it will be proved later,
the paths determined by A, must be SDF. To facilitate the
proof, it is necessary to introduce the following lemma which
compares the order of two BRGC numbers.

Lemma 3: Let G,(p) = apna,_,---a; and G,(q) =
bnbn_y --- by be two BRGC numbers. Suppose the ith dimen-
sion is the first dimension in which G,(p) and G,(q) differ,
when they are compared from left to right, i.e., a; = b;
for n > j > i and a; # b;. Without loss of generality, we can

Level 4
(External Node)

The labeled complete binary tree for a BRGC.

assume @; = 1 and b; = 0. Then, p >q iff 3/, a; is
even.

Proof: Consider the following procedure to generate
the BRGC. Let G, = {0, 1}. Given a k-bit BRGC G, =
{do, dy,---,dxw_,}, a (k+1)-bit BRGC can be generated by

Gi+1 = {do0, dol, di1, d\0, d10, d>1, - - - ,dx_,1, dyx_,0}.

It is proved in [12] that this procedure indeed generates the
BRGC. This procedure can be described by the complete bi-
nary tree in Fig. 8. As the number of bits in the BRGC in-
creases, the corresponding tree grows. The address of every
external node (leaf) is determined by the coded bits in the path
from the root to the external node, and the BRGC is then ob-
tained by the addresses of external nodes from left to right. It
can be verified that every node which is reached from the root
via an even number of links labeled with 1 has a O left-child
and a 1 right-child. Note that an external node further to the
right is associated with a larger number in the BRGC. Thus,
it is proved that p > g if Z _i-1 @; is even, and the fact that
p<qif Z;—:+1 a; is odd follows similarly. Q.E.D.

For example, in the 3-bit BRGC of Fig. 2(a), G3(3) =010
appears after G3(1) = 001, since the number of 1’s in the left
of their first different bit position in G3(3) is zero which is
even, whereas G3(4) = 110 appears before G3(6) = 101 since
the number of 1’s in the left of their first different bit position
in G3(4) is one. With the aid of Lemma 3, the following
important theorem can be derived.

Theorem 5: The path determined by A4, is SDF.

Proof: Let f(m) denote the number mapped into the
binary string m in the BRGC, i.e., p = f(m) iff m = Gn(p).
Since f(s) > f(d), from Lemma 3 we know that Z, .8; 18
odd. Let ¥ = u, ---u; denote the address of the next hop
determined by A,. Consnder the case when Z,_k S; 1s even.
Clearly, from Step 2 of A, H(u,s) = 1 and H(u,d) =
H(s,d) -1, since u; = s; if i #k, anduk =ﬂ=dk.
Besides, we have f(u) > f(d) since Z, Z,"_I s; is
odd, and f(s) > f(u) since 37 s; + 3°17; s; is odd.

On the other hand, in the case when E’_k s; is odd,
H(u,s) =1 and H(u,d) = H(s,d) — 1, since u; = s, if
i #j,and u; =5; =d;. Also, f(s) > f(u) smcez, i is
odd, and f(u) > f(d) since 3 /_, u; = Z,_k u,+Z,_J =
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Z,Ck' Si +5; + Z,’; j+1Si is odd. Therefore, in both cases,
H(u,d)=H(s,d)-1, f(s) > f(u) and f(u) > f(d). Since
the above results hold for every intermediate node, this theo-
rem follows. Q.E.D.

The above theorem shows that task migration under the
GC strategy can be accomplished via SDF paths. Also, the
following corollary results from Theorem 5.

Corollary 5.1: The BRGC is SDF path preserving.

Note that the BC is not SDF path preserving, neither is the
coding scheme given in Fig. 4. For example, no SDF path
exists from B3(2) = 010 to B3(1) = 001, and nor does from
C4(9) = 1000 to C4(1) = 0001.

Furthermore, as it will be proved below, A4, will not
send any two modules of a task to the same next hop, im-
plying that task migration can be performed in parallel. It
was assumed in Section II that a hypercube node can send
and receive task modules at the same time and each mov-
ing step takes one time unit. Let o be the source subcube
and Sy, S2,---,S,. be the nodes of «. Suppose 8 is the
destination subcube and S;(f) is the hypercube node which
receives, via the path determined by A,, the task mod-
ule originally residing at S; after ¢ time units under the
node-mapping scheme in Corollary 4.1. Thus, S; = S;(0),
1 <i <2lel are the nodes of «, S;(M(a, B)), 1 <i < 2ial,
are the nodes of B, and [S;(0), Si(1),---,S;(M(a, B)]
is the path for moving a task module from S; to its
destination. Two paths [S;(0), S;(1),---,S;(M(«, 8)] and
[S;(0), S;(1),---,Sj(M(x, B)] are said to be stepwise dis-
Joint, if at any time 7, the two corresponding task modules
will not be sent to the same next hop, i.e., S;(¢) # S;(?),
vt € [0, M(«, B)]. Then, we have the following corollary
which states the impossibility for two task modules to compete
for the same next hop during task migration, showing another
advantage of using the GC strategy.

Corollary 5.2: Under the node-mapping scheme in Corol-
lary 4.1, the paths determined by A, are stepwise disjoint.

Proof: Suppose a = an,anp_;---a; and B = b,b,_,
--- b, are, respectively, the source and destination subcubes,
and |a| = |8] = k. From Proposition 2, we get ay_; =

- =a = by_y = --- = by = *. From the node-

mapping scheme in Corollary 4.1, it follows that for any _

pair of source node ¥ = u,u,_; ---u; and destination node
W = WoWu_1---W), We have up_;---u; = Wi_y---wy.
This in turn implies that the path from u to w must be within
subcube *"K+ly, .oy,

Divide a Q, into 2¥~'Q,_x..’s, whose addresses are
*n—k+lg, _,.--dy,d; € {0,1}, 1 <i <k — 1. Call each of
these Q,_x+1’s a partition. From Proposition 2, it can be
seen that each partition contains exactly two adjacent nodes
in «. The entire paths for moving two task modules in a par-
tition to their destination nodes will remain within the same
partition. This means that task modules from different parti-
tions will not collide with one another at any time. Moreover,
since there is no cycle of an odd length in a Q,, the two
task modules originally residing at two adjacent nodes in the
source subcube will not collide with each other at any time.
This corollary thus follows. Q.E.D.

To illustrate the entire process of task migration, con-
sider the fragmented configuration in Fig. 7(a). Using Al-
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gorithm A4, we obtain the goal configuration in Fig. 7(b).
By the node-mapping scheme developed in Section IV-B, we
have 0011 — 0000 for task 1, 0101 — 0011, 0100 — 0010,
1100 — 0110, and 1101 — 0111 for task 2 (*10* — 0*1*),
1010 — 0100 and 1011 — 0101 for task 3 (101* — 010%),
and 1001 — 0001 for task 4. (Note that the relative order of
source nodes is changed during the node-mapping for task 3.)
The SDF routing can then be determined by 4, as follows:

Task 1: 0011 — 0001 — 0000;

Task 2: 0101 — 0111 — 0011, 0100 — 0110 — 0010,
1100 — 0100 — 0110 and 1101 — 0101 — O111;

Task 3: 1010 — 1110 — 1100 — 0100 and
1111 — 1101 — 0101, and

Task 4: 1001 — 0001.

1011 —

V. CONCLUSION

In this paper, we have derived several important results for
the subcube allocation and task migration in a hypercube com-
puter system. We first proved that the GC strategy is optimal
in the sense of maximizing the subcube recognition ability of
a sequential search. Also, the subcube recognition ability of
an allocation strategy using multiple EBC’s was analyzed and
compared to that using multiple EGC’s. The minimal number
of EBC’s required for complete subcube recognition in a Q,
was proved to be C7, ..

Furthermore, we have developed a procedure for task mi-
gration under the GC strategy to eliminate the system frag-
mentation, which consists of three steps. First, a goal configu-
ration without fragmentation is determined in light of the static
optimality of the GC strategy. Second, the node-mapping be-
tween the source and destination subcubes is determined. Fi-
nally, a routing procedure for obtaining shortest deadlock-free
paths during task migration is derived. Moreover, the migrat-
ing paths determined by A, are proved to be stepwise disjoint,
thus allowing for the full parallelism in task migration. Our
results confirm the inherent superiority of the GC strategy
over others.

Note that an active task has to be temporarily stopped when
it is to be moved to another subcube location. The task will
resume its execution once it reaches its destination subcube.
Hence, task migration induces some operational overhead,
degrading system performance. To optimize system perfor-
mance, one has to determine an optimal threshold by striking
a compromise between the system’s task admissibility and the
operational overhead caused by task migration. Derivation of
such a threshold and a decision on when to perform task mi-
gration can be made by the host computer which keeps track
of the status of every hypercube node. However, design of
an optimal threshold depends strongly on the computing en-
vironment and the system objective under consideration, and
may well vary from one hypercube to another.

APPENDIX A

SUBCUBE ALLOCATION STRATEGIES
The Buddy Strategy
Subcube Allocation Using a BC:
Step 1. Set k := |/ ;|, where |/ ;| is the dimension of a sub-
cube required to accommodate the request /.
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Step 2. Determine the least iknteger m such that all the allo-
cation bits in the region #[m*, (m + 1)2¥ — 1] are 0’s, and
set all the allocation bits in the region #[m2%, (m + 1)2¢ —1]
to 1’s.

Step 3. Allocate nodes with addresses B, (i) to the request
I, Vi € #[m2k, (m + )2 - 1.

Deallocation:

Reset every pth allocation bit to 0, where B,(p) € g and
q is the address of a released subcube.

The GC Strategy

Subcube Allocation Using a BRGC:

Step 1. Set k := |/ |, where |/ ]| is the dimension of a sub-
cube required to accommodate the request /.

Step 2. Determine the least integer m such that all
(imod 2™)th allocation bits are 0’s, where i € #[m2¥~!, (m+
2)2k=1 —1]. Set all these 2* allocation bits to 1’s.

Step 3. Allocate nodes with addresses G,(imod2") to I},
where i € #[m2%~1, (m +2)2k-! — 1.

Deallocation:

Reset every pth allocation bit to 0, where G,(p) € g, and
q is the address of a subcube released.

APPENDIX B

LisT oF SYMBOLS

On A hypercube of dimension n.

Cn An n-bit coding scheme.

Gn An n-bit binary reflected Gray code (BRGC).
B, An n-bit binary code which converts a nonneg-

ative integer to its binary representation.

Gn(m) The n-bit BRGC representation of an integer
m.

B,(m) The n-bit binary representation of an integer m.

o] The dimension of a subcube «.
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H(u,w) The Hamming distance between two hypercube
nodes.

H*(a, 8) The Hamming distance between two subcubes.
The moving distance between subcubes o and

M(a, B)
. 8.
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